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Abstract
In this work we study the decay constants of B and Bs mesons based on the wave function
obtained in the relativistic potential model. Our results are in good agreement with experimental
data which enables us to apply this method to the investigation of B-meson distribution amplitudes.
A very compact form of the distribution amplitude is obtained. We also investigate the one-loop
QCD corrections to the pure leptonic decays of B mesons. We find that, after subtracting the
infrared divergence in the one-loop corrections using the factorization method, the QCD one-loop
corrections to the hard amplitude of leptonic decay will be zero.
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I. INTRODUCTION
The study of B-meson decays, especially the exclusive semileptonic and two-body non-
leptonic decays, presents rich information for testing and understanding the standard model
(SM). In the past two decades, as the running and upgrading ofB-factories, a great amount of
experimental data has been accumulated. Although a lot of models and/or approaches have
been developed in theory, the poor knowledge of nonperturbative quantum chromodynamics
(QCD) effects still limits theoretical predictions severely. In two-body nonleptonic decays
of B-meson, QCD factorization [1–4] and perturbative QCD approaches [5–9] have been
developed, which allow us to separate the nonperturbative effect out as universal quantities,
such as, the light-cone distribution amplitudes (LCDA) and/or form factors. The B-meson
LCDA has been studied extensively. Several forms of the distribution amplitudes are pro-
posed or obtained by some theoretical methods such as solving the equations of motion in
the literature [10–18].
Inspired by the construction of initial bound state in Ref.[19] and based on our previous
works on the mass spectrum and wave functions of B-meson [20–22], we try an alternate
way to study the distribution amplitudes with the help of wave functions obtained in the
relativistic potential model [21, 22]. Considering the recent experimental data on the pure
leptonic decays of B mesons, we focus on a careful investigation about the decay constants
and the distribution amplitudes (DAs) of B-mesons in this paper.
In general, the decay constants of charged heavy-light mesons are related directly to the
pure leptonic decay widths and thus measuring decay constants can provide a chance to check
different theoretical models and may also give some hints for physics beyond the standard
model (SM). During the past decades, many methods have been applied to the study of the
decay constants, such as, QCD sum rules [23–29], the Bethe-Salpeter equation [30, 31], the
field correlator method [32], the soft-wall holographic approach [33], the potential models
[20, 34–37], and the lattice QCD simulations [38–45], etc. Up to now there are still large
uncertainties for the value of |Vub| [46], and only the pure leptonic decay mode of B meson
with τ lepton in the final state has been measured in experiment [47–50] (also with large
uncertainties). Our result for the branching ratio of B → τν decay is well located in the
experimental error bars [47–51]. Further tests from experiments are needed in the future
with enhanced precision (most possibly come from the Belle II / SuperKEKB collaboration
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[52, 53]).
We study the B-meson distribution amplitudes in this work. The analytical forms both in
coordinate and momentum space are obtained. When they are transformed to the commonly
used form of LCDA, the figures show that they obey the model-independent limitations
[13]. We also consider the pure leptonic decays of B-meson up to one-loop level in QCD
corrections. We find that one-loop corrections to the hard-scattering kernel in QCD will be
zero after subtracting the infrared divergence by using the factorization method.
The paper is organized as followings. In Sec.II, we calculate the decay constants of the
B and Bs mesons. The branching ratios of leptonic decays of B meson are also calculated
and compared with experimental data. In Sec.III, the matrix element between B meson and
vacuum state, which defines the distribution amplitudes (DAs), is studied. The analytical
form of the matrix element and DAs are obtained and figures are shown as illustrations. We
finally obtain a compact expression for the matrix element. Section IV is devoted to the
study of the pure leptonic decay of the B-mesons up to one-loop level in QCD and Sec.V is
for the conclusion and discussion.
II. DECAY CONSTANTS OF B AND Bs MESONS
Recently, the spectra of heavy-light quark-antiquark system have been studied in the
relativistic potential model in our previous works [20–22], where hyperfine interactions are
included [21, 22]. The whole spectra of B and D system are in well agreement with ex-
perimental measurements. Hence in this work, we extend our previous works [21, 22] by
studying the decay properties of B meson with the wave functions obtained in the relativistic
potential model. We study the decay constants of B and Bs mesons at first, and then give
a compact form of distribution amplitudes of B-meson, which shall be useful for studying
B decays.
The decay constant of a pseudoscalar meson is defined by the matrix element of the axial
current between the meson and the vacuum state
〈0|q¯γµγ5Q|P 〉 = ifPP µ (1)
where the axial current is composed of a light antiquark field q¯ and a heavy quark field Q.
The pseudoscalar meson as a bound state of a quark and antiquark system can be de-
3
scribed by [19, 20],∣∣∣P ( #„P )〉 = 1√
NL
1√
3
∑
i
∫
d3kq d
3kQ δ
(3)(
#„
P − #„k q − #„k Q)Ψ0( #„k q)
1√
2
[
ci†(
#„
k Q, ↑)bi†( #„k q, ↓)− ci†( #„k Q, ↓)bi†( #„k q, ↑)
] ∣∣∣0〉 (2)
where NL is the normalization factor, and the normalization conditions will be shown ex-
plicitly below. i stands for the QCD color index and 1√
3
is the corresponding normalization
factor. The factor 1√
2
is the normalization factor for the quark spin states which are indexed
by up or down arrows. Inside the square parenthesis, bi† and ci† are the creation operators
of the light antiquark q¯ and the heavy quark Q, respectively.
The function Ψ0(
#„
k q) is the normalized wave function of the pseudoscalar meson at ground
state in the momentum space, which describes the wave function of the quark and antiquark
constituents in a meson. It is noted here that these quark constituents are the effective
quarks carrying a gluon cloud and therefore the quarks have constituent masses [54].
The wave function can be obtained by solving the Schro¨dinger type wave equation with
relativistic dynamics
(H0 +H
′)Ψ( #„r ) = EΨ( #„r ), (3)
where H0 +H
′ is the effective Hamiltonian (its explicit expression can be found in Ref. [22])
and E is the energy of the meson. The first term H0 contains the kinetic part and the
effective potential which is taken as a combination of a Coulomb term and a linear confining
term inspired by QCD [34, 55, 56].
The second term H ′ is the spin-dependent part of the Hamiltonian including contributions
of one-gluon-exchange diagram in the nonrelativistic approximation [34, 57] and new terms
which account for contributions of nonperturbative dynamics in the bound state system and
relativistic corrections for the light quark in the heavy meson [21, 22].
The normalization conditions for wave function are∫
d3k
∣∣∣Ψ0( #„k )∣∣∣2 = 1, (4a){
c(
#„
k , s), c†(
#„
k ′, s′)
}
= δss′δ
(3)(
#„
k − #„k ′), (4b)〈
P (
#„
P )
∣∣∣P ( #„P ′)〉 = (2pi)32Eδ(3)( #„P − #„P ′). (4c)
Note that we omit the color index of the operator c and use s, s′ to denote the spin states.
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FIG. 1. Reduced wave functions for B-meson.
Substituting Eq.(2) into Eq.(4c) and using Eq.(4a) and Eq.(4b), we can obtain the normal-
ization factor
NL =
1
(2pi)32E
. (5)
The wave function has been solved numerically in our previous work [22]. For B meson,
the wave function can be expressed by
Ψ0(
#„
k ) =
ϕ0(| #„k |)
| #„k |
Y00(θ, φ) (6)
where ϕ0(| #„k |) is the reduced wave function. The numerical result of ϕ0(| #„k |) can be shown
in Fig.1.
Since it is convenient to have an analytical form of the wave function Ψ0(
#„
k ) for the
numerical calculation, we fit the wave function obtained in our previous work [22] with an
exponential function and finally obtain the fitted form for the B(s) meson wave function with
combined theoretical uncertainties as
Ψ0(
#„
k ) = a1e
a2| #„k |2+a3| #„k |+a4 , (7)
where the parameters including uncertainties for B meson are
a1 = 4.55
+0.40
−0.30 GeV
−3/2, a2 = −0.39+0.15−0.20 GeV−2;
a3 = −1.55±0.20 GeV−1, a4 = −1.10+0.10−0.05, (8)
and for Bs meson:
a1 = 1.60
+0.15
−0.18 GeV
−3/2, a2 = −0.43+0.15−0.10 GeV−2;
a3 = −1.28+0.18−0.20 GeV−1, a4 = −0.22+0.06−0.08. (9)
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FIG. 2. The wave functions (W.F.) of B-meson.
The uncertainties for the parameters ensure that the deviation of the wave function from its
central value is approximately about 8%. The illustrations for the fit of the wave functions
are shown in Fig.2, where the grey bands denote the relevant uncertainties for the wave
functions of B and Bs mesons.
In the calculation of the decay constants, four-momentum conservation should hold
kq + kQ = P, (10)
where kq,Q and P are the momenta of the quark constituents and the meson, respectively.
With the restriction above, we consider the ACCMM scenario [58, 59], where the light
quark is kept on-shell, while the heavy quark off-shell,
Eq + EQ = mP , (11a)
E2q = m
2
q + |
#„
k |2, (11b)
m2Q(
#„
k ) = E2Q − |
#„
k |2. (11c)
Equation (11a) is the energy conservation in the meson rest frame. We assume that the
running mass of the heavy quark must be positive mQ(
#„
k ) ≥ 0. Thus the actual range of
the momentum | #„k | is restricted under a particular value, which is shown as the cut lines in
Figs.1 and 2.
Substituting Eq.(2) into Eq.(1) in the rest frame and contracting the quark (antiquark)
creation operators with the annihilation operators in the quark field of the axial current
q¯γµγ5Q, we obtain
fP =
√
3
(2pi)3mP
∫
d3k Ψ0(
#„
k )
(Eq +mq)(EQ +mQ)− | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
, (12)
6
where the integral over the variable
#„
k should be limited in the finite range according to
Eqs.(11a)–(11c).
The parameters used in this work are [22]
ms = 0.32 GeV, mu = md = 0.06 GeV, mb = 4.99 GeV, (13)
and the mesons’ masses are taken from PDG [46]
mB = 5.28 GeV, mBs = 5.37 GeV. (14)
The errors are estimated by varying the parameters in the allowed ranges. The total
errors are around 7% for the decay constants of B and Bs mesons. We also calculate the
ratio of the decay constants of B and Bs mesons fBs/fB. The final results obtained are
fB = 219± 15 MeV, fBs = 266± 19 MeV, fBs/fB = 1.21± 0.09 . (15)
During past decades, many theoretical methods or models have been developed for the
calculation of the B-meson decay constants. In this paper, we list some of the results for
comparison in Table.I, where one can see that our results are consistent with most of the
theoretical predictions.
The branching ratio of the leptonic decay of B meson can be calculated by the following
formula
B(B± → l±ν) = G2Fm2lmB
8pi
(
1− m
2
l
m2B
)2
f 2B|Vub|2τB, (16)
where GF is the Fermi constant, Vub the Cabibbo-Kobayashi-Maskawa (CKM) matrix ele-
ment, mB and ml the masses of B
± meson and lepton, respectively, and τB is the life time
of B± meson.
In this work, we obtain
B(B+ → e+νe) = (1.17± 0.18)× 10−11, (17a)
B(B+ → µ+νµ) = (5.01± 0.78)× 10−7, (17b)
B(B+ → τ+ντ) = (1.41± 0.22)× 10−4, (17c)
where the errors mainly come from the uncertainties of the decay constants fB and the CKM
matrix element |Vub| [46]
|Vub| = (4.09± 0.39)× 10−3. (18)
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Reference Method fB (MeV) fBs (Mev) fBs/fB
this work RPM∗ 219± 15 266± 19 1.21± 0.09
Colangelo 91 [35] RPM 230± 35 245± 37 1.07± 0.17
Cvetic˘ 04 [31] QM BS‡ 196± 29 216± 32 1.10± 0.18
Badalian 07 [32] FCM£ 182± 8 216± 8 1.19± 0.03
Hwang 09 [60] LFQM§ 204± 31 270.0± 42.8 1.32± 0.08
HPQCD 11 [41] LQCD (2+1)¶ – 225±3±3 –
FNAL/MILC 11 [42] LQCD (2+1) 196.9±5.5±7.0 242.0±5.1±8.0 1.229±0.013±0.023
HPQCD 12 [44] LQCD (2+1) 191±1±8 228±3±10 1.188±0.012±0.013
Narison 12 [27] QCD SR† 206± 7 234± 5 1.14± 0.03
Gelhausen 13 [28] QCD SR 207+17−9 242
+17
−12 1.17
+0.03
−0.04
HPQCD 13 [45] LQCD (2+1+1) 184± 4 224± 5 1.217± 0.008
ETM 13 [61] LQCD (2+1+1) 196± 9 235± 9 1.201± 25
Aoki 14 [62] LQCD (2+1) 218.8±6.4±30.8 263.5±4.8±36.7 1.193±0.020±0.044
RBC/UKQCD 14 [63] LQCD (2+1) 195.6±6.4±13.3 235.4±5.2±11.1 1.223±0.014±0.070
Wang 15 [64] QCD SR 194± 15 231± 16 1.19± 0.10
∗ Relativistic potential model.
† QCD sum rules.
‡ Quark model based on Bethe-Salpeter equation.
¶ lattice-QCD with dynamical quark flavors Nf in the parentheses.
§ Light-front quark model.
£ Field correlator method.
TABLE I. Theoretical results of the decay constants of B-mesons.
The branching ratio of B → τ+ντ channel has been measured by Belle and BABAR
collaborations [47–50]. The results are shown in Table II.
Taking the large uncertainties of the experimental data into consideration, our predicted
branching ratio of the decay channel B+ → τ+ντ [Eq.(17c)] is consistent with the experi-
mental results.
As an upgrade of the Belle / KEKB experiment, the Belle II / SuperKEKB will start
taking data from 2018. With a designed luminosity 8×1035 cm−2s−1, which is about 40 times
larger than its predecessor, data sample corresponding to 50 ab−1 will be accumulated within
five years of operation [53]. It is expected to reduce both the statistical and systematic errors
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Experiment Tag B(units of 10−4)
Belle[47] Hadronic 0.72+0.27−0.25 ± 0.11
Belle[48] Semileptonic 1.25± 0.28± 0.27
BABAR[49] Hadronic 1.83+0.53−0.49 ± 0.24
BABAR[50] Semileptonic 1.7± 0.8± 0.2
TABLE II. Experimental results for B(B+ → τ+ντ ).
of the B+ → τ+ντ decay mode by a factor about 7 [65].
III. B-MESONS DISTRIBUTION AMPLITUDES
Based on the success of our predictions on the mass spectra [20–22] and the decay con-
stants of B-mesons, we continue to study of the matrix element of B meson which defines
the DAs. The matrix element and DAs are generally used in studying hadronic decays of B
meson.
Generalizing the current in the definition of the decay constant in Eq.(1) from local to
nonlocal operators and making use of Fierz identity, we obtain the matrix element between
the B meson and the vacuum state in coordinate space
Φ˜αβ(z) ≡
〈
0
∣∣q¯β(z)[z, 0]Qα(0)∣∣B¯(P )〉 (19a)
=
1
4
〈
0
∣∣q¯(z)Q(0)∣∣B¯〉 Iαβ + 1
4
〈
0
∣∣q¯(z)γ5Q(0)∣∣B¯〉 (γ5)αβ
+
1
8
〈
0
∣∣q¯(z)σµνγ5Q(0)∣∣B¯〉 (σµνγ5)αβ + 1
4
〈
0
∣∣q¯(z)γµQ(0)∣∣B¯〉 (γµ)αβ
−1
4
〈
0
∣∣q¯(z)γµγ5Q(0)∣∣B¯〉 (γµγ5)αβ, (19b)
where σµν = i
2
[γµ, γν ], and [z, 0] stands for the path-ordered exponential, which is called
Wilson line that connects the point 0 and z. The definition of Wilson line is
[z, 0] ≡ Pexp
(
i
∫ z
0
dxµAµ(x)
)
. (20)
According to discrete symmetries of C,P and T , the matrix elements in the right-hand
9
side of Eq.(19b) are related to four DAs φ˜i (i = P, T,A1, A2 ) as defined in Ref.[10]
〈
0
∣∣q¯(z)Q(0)∣∣B¯〉 = 0, (21a)〈
0
∣∣q¯(z)γ5Q(0)∣∣B¯〉 = −ifBmBφ˜P , (21b)〈
0
∣∣q¯(z)σµνγ5Q(0)∣∣B¯〉 = −ifBφ˜T (P µzν − P νzµ), (21c)〈
0
∣∣q¯(z)γµQ(0)∣∣B¯〉 = 0, (21d)〈
0
∣∣q¯(z)γµγ5Q(0)∣∣B¯〉 = fB(iφ˜A1P µ −mBφ˜A2zµ), (21e)
where the DAs φ˜i are functions of the coordinate z. In our scenario, we calculate these five
matrix elements in the B-meson rest frame by using the B meson state defined in Eq.(2).
We confirmed that the matrix elements in Eq.(21a) and Eq.(21c) are indeed zero
〈
0
∣∣q¯(z)Q(0)∣∣B¯〉 = 〈0∣∣q¯(z)γµQ(0)∣∣B¯〉 = 0. (22)
For the pseudoscalar DA in Eq.(21b), we obtain
φ˜P (z) = NB
∫
d3k Ψ0(
#„
k )
−
[
(Eq +mq)(EQ +mQ) + | #„k |2
]
√
EqEQ(Eq +mq)(EQ +mQ)
e−ikq ·z, (23)
where kµq = (Eq,
#„
k ) is the four-momentum of the light quark in the meson rest frame, and
NB ≡ i
fB
√
3
(2pi)3mB
. (24)
It should be understood that the wave function Ψ0(
#„
k ) may have an arbitrary phase which
can be adjusted to obtain a positive real decay constant according to the definition in Eq.(1).
For the other DAs in Eqs.(21c) and (21e) (the detailed derivation can be found in Ap-
pendix A), we introduce two functions AT and A at first,
AT (k
1, k2, k3) ≡ Ψ0( #„k ) EQ +mQ + Eq +mq√
EqEQ(Eq +mq)(EQ +mQ)
, (25a)
A(k1, k2, k3) ≡ Ψ0( #„k ) EQ +mQ − Eq −mq√
EqEQ(Eq +mq)(EQ +mQ)
, (25b)
where k1, k2, k3 are the components of the light quark momentum
#„
k , i.e.,
#„
k = (k1, k2, k3).
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Then we obtain the DAs as
φ˜T (z) = NB
∫
d3k
[
1
3
∑
i
∫ ki
0
AT (η, . . . )η dη
]
e−ikq ·z, (26a)
φ˜A2(z) = NB
∫
d3k
[
1
3
∑
i
∫ ki
0
A(η, . . . )η dη
]
e−ikq ·z, (26b)
φ˜A1(z) = −NB
∫
d3k e−ikq ·z
·
[
Ψ0(
#„
k )
(Eq +mq)(EQ +mQ)− | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
+ EqA(k
1, k2, k3)
]
. (26c)
For the details of the summation in the square parentheses containing the ellipsis, see
Eq.(A3).
Now, with Eqs.(21a)∼(21e), the matrix element for B-meson in Eq.(19a) can be rewritten
as
Φ˜αβ(z) =
−ifB
4
{[
mBφ˜P+
1
2
φ˜T (P
µzν − P νzµ)σµν
+
(
φ˜A1P
µ + imBφ˜A2z
µ
)
γµ
]
γ5
}
αβ
, (27)
where the DAs are given in Eqs.(23) and (26a)–(26c).
In order to obtain the expressions of the DAs in momentum space, we make use of the
amplitude of a decay process which can be expressed as a convolution [11]
F =
∫
d4z Φ˜αβ(z)T˜βα(z). (28)
Substituting Eq.(27) into Eq.(28) and with a few steps of calculation (see Appendix B for
details), we obtain
Φαβ(l) =
{
−ifBmB
4
[
φP (l)+
i
2
φT (l)σµν
(
vµ
∂
∂lν
− vν ∂
∂lµ
)
+
(
φA1(l)/v − φA2(l)γµ ∂
∂lµ
)]
γ5
}
αβ
(29)
and
F =
∫
d3lΦαβ(l) Tβα(l)
∣∣∣∣
l2=m2q
. (30)
It is understood that the derivative ∂
∂lµ,ν
in Eq.(29) (which is called the momentum space
projector [11, 66]) acts on the hard-scattering kernel Tβα(l) before l = kq is taken. For the
11
DAs in the momentum space, we obtain
φP (k
µ
q ) = −NB
(Eq +mq)(EQ +mQ) + | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
Ψ0(
#„
k ), (31a)
φT (k
µ
q ) =
NB
3
∑
i
∫ ki
0
AT (η, . . . )η dη , (31b)
φA2(k
µ
q ) =
NB
3
∑
i
∫ ki
0
A(η, . . . )η dη , (31c)
φA1(k
µ
q ) = −NB
[
Ψ0(
#„
k )
(Eq +mq)(EQ +mQ)− | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
+ EqA(k
1, k2, k3)
]
, (31d)
In general, these DAs play an important role in the study of the B-meson decays [13]. Thus
it is necessary and useful to give an numerical illustration of them.
For simplicity, we take
#„
k = (0, 0, k3) and the DAs as functions of |k3| are shown in
Fig.3. The grey bands are the possible uncertainties caused by the uncertainty of the wave
function. In the heavy-quark limit, one can obtain that one of the axial-vector DA φA2 is
equal to the axial-tensor DA φT [10]. For our results, as shown in Figs.3 (c) and (e), (d)
and (f), these two DAs are indeed very close, which indicate that our scenario is reasonable
and their difference reflects the influence of the finite heavy-quark mass.
One can also see that the figures for B and Bs mesons are very similar, but in detail,
for the same values of |k3|, the absolute values of the DAs of B meson are always a bit
larger than that of Bs meson. This is consistent with the fact that the DAs are inversely
proportional to the square root of the decay constants and masses.
In addition, the light-cone coordinate is widely used in the study of the DAs , for example,
the works in Refs.[11, 13, 18, 66–69] and references therein, where the DAs depend on a
single variable k+ or k−, which are the light-cone projections of the momentum of the light
antiquark in the rest frame of the meson . The definitions of the light-cone projections of
the momentum of the light antiquark are
k± =
Eq ± k3√
2
, kµ⊥ = (0, k
1, k2, 0) (32)
Performing the integration over the transverse momentum k⊥, we can obtain the light-cone
distribution amplitudes (LCDAs) in our scenario. Usually, the k⊥-integral is restricted by
a scale µ, i.e., |k⊥| < µ [2, 70]. In our model, the wave function is spherically symmetric
with respect to k1, k2, and k3. The integral region of the k⊥ has an upper limit, which is
determined by Eqs.(11a)–(11c). The upper limits are shown clearly by the cut lines in Fig.1.
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FIG. 3. Distribution amplitudes as functions of |k3|, where the grey bands are uncertainties caused
by the wave function.
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FIG. 4. Distribution amplitudes as functions of k+, where the grey bands are uncertainties caused
by the wave function.
The distribution amplitude φA1 as a function of k+ is shown in Fig.4. φA1 is relevant to
the LCDA φ+B in the heavy quark limit, which is generally used in the study of B decays .
Our results are consistent with the general analysis given in Ref.[13].
Next we try to give a compact form of the matrix element Φ˜αβ(z) =
〈
0
∣∣q¯β(z)[z, 0]Qα(0)∣∣B¯(P )〉.
Substituting Eq.(23) and Eqs.(26a)–(26c) into Eq.(19b) and after a few steps of simplifica-
tion, we obtain
Φ˜αβ(z)=
−1
4
√
3mB
(2pi)3
∫
d3k
Ψ0(
#„
k )e−ikq ·z√
EqEQ(Eq +mq)(EQ +mQ)

b
c
(c a)

αβ
( D.R.)(33a)
=
−1
4
√
3mB
(2pi)3
∫
d3k ·
Ψ0(
#„
k )e−ikq ·z√
EqEQ(Eq +mq)(EQ +mQ)

b− c
b+ c
(c− a c+ a)

αβ
( W.R.). (33b)
where a, b, and c are three 2×2 matrices, which are defined as
a = (Eq +mq)I2×2, b = (EQ +mQ)I2×2, c =
#„
k · #„σ
and #„σ is the Pauli matrix. These two expressions in Eqs.(33a) and (33b) are derived with
different representations of the gamma matrix γµ. The label D.R. denotes Dirac represen-
tation, and W.R. Weyl representation.
For simplicity, we define
K(
#„
k ) ≡ −NBΨ0(
#„
k )√
EqEQ(Eq +mq)(EQ +mQ)
. (34)
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Then the convolution formula of Eq.(30) can be rewritten as
F =
∫
d3k
−ifBmB
4
K(
#„
k )

b
c
(c a)

αβ
Tβα(kq)
∣∣∣∣
k2q=m
2
q
(35)
where the spinor matrices are given in Dirac representation (D.R.).
Next we introduce two light-like vectors nµ± = (1, 0, 0,∓1) and define /n+ ≡ nµ+γµ =(
1 σ3
−σ3 −1
)
, /n− ≡ nµ−γµ =
(
1 −σ3
σ3 −1
)
. With these two vectors nµ±, the matrix element Φαβ(k
µ
q )
can be expressed in another form
Φαβ(k
µ
q ) =
−ifBmB
4
K(
#„
k )

b
c
(c a)

αβ
=
−ifBmB
4
K(
#„
k )
·
{
(EQ +mQ)
1 + /v
2
[(
k+√
2
+
mq
2
)
/n+ +
(
k−√
2
+
mq
2
)
/n− − kµ⊥γµ
]
γ5
−(Eq +mq)1− /v
2
[(
k+√
2
− mq
2
)
/n+ +
(
k−√
2
− mq
2
)
/n− − kµ⊥γµ
]
γ5
}
αβ
. (36)
Compared with the commonly used results (for instance, see Eq.(109) in Ref.[11] and
Eq.(2.48) in Ref.[18]), this new form includes the whole spinor structure of the momen-
tum projector. The part containing 1+/v
2
is proportional to the heavy quark’s mass and is
the only term in the heavy quark limit. Since when the heavy-quark mass mQ goes infinity,
the contribution of other part in Eq.(36) will be relatively very small and can be ignored.
Therefore, as we take the finite heavy-quark mass, the part with (Eq + mq) will give extra
contribution and may be an important correction in the study of B-meson decays.
IV. QCD ONE-LOOP CORRECTIONS TO LEPTONIC DECAYS OF B-MESON
In Sec.II, we study the leptonic decays of B meson at tree level. In this section, we extend
this study by including QCD one-loop corrections. When considering one-loop corrections
in QCD, if one naively calculate the loop diagrams, one will encounter not only ultraviolet
divergence, but also infrared divergence. Factorization method can be applied to obtain the
infrared-safe amplitude at the quark level. To obtain the infrared-safe transition amplitude
at quark level, let us consider the free quark state |u¯r(k)bs(p− k)〉 as the initial state at
first. Factorization means that the matrix element of a physics transition process F µ can be
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bs
p− k
k
u¯r
γµL
FIG. 5. Factorization at tree level
expressed as the convolution of the wave function of the initial state and the hard transition
amplitude T
F µ = Φ⊗ T (37)
where the circle-time ⊗ denotes the convolution in Eq.(28), and µ denotes the Lorentz index
that may appear in the physical transition matrix element. All the infrared contributions
are absorbed into the wave function Φ, while the hard amplitude T is infrared safe.
In perturbation theory, the matrix element F µ, which relevant to the quark transition
process, the wave function Φ and the hard-scattering kernel T can all be expanded by the
power of αs. Therefore the factorization formula takes the form [71]
F µ = F (0)µ + F (1)µ + · · · = Φ⊗ T
=
[
Φ(0) ⊗ T (0)]+ [Φ(0) ⊗ T (1) + Φ(1) ⊗ T (0)]+ · · · , (38)
where the superscripts (n)’s indicate the perturbation levels. After calculating both the
matrix element F (1)µ and the wave function Φ(1) at one-loop order, one can extract the hard
amplitude T (1) by using Eq.(38), that is
Φ(0) ⊗ T (1) = F (1)µ − Φ(1) ⊗ T (0) (39)
At one-loop level, both the matrix element F (1)µ and the wave function Φ(1) are infrared
divergent. Through the subtraction in the right-hand side of Eq.(39), the infrared divergence
can be cancelled . Then the hard amplitude T (1) we get through Eq.(39) is infrared safe.
At tree level, the factorization can be achieved straightforwardly and we show the results
briefly at first. The matrix element F µ at tree level, as shown in Fig. 5, can be obtained as
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F
(0)µ
bu¯ = 〈0|u¯γµLb|u¯r(k)bs(p− k)〉
=
1
(2pi)3
√
mumb
k0(p− k)0 v¯
r(k)γµLu
s(p− k) (40)
where the coefficient 1
(2pi)3
√
mumb
k0(p−k)0 is from our convention, and v¯ and u are the spinors of
the quarks u¯ and b, respectively. The superscripts r and s are the spin labels.
The wave function of the free quark state |u¯r(k)bs(p− k)〉 at tree level is
Φ
(0)bu¯
αβ (k˜) =
∫
d4z eik˜·z 〈0|u¯β(z)[z, 0]bα(0)|u¯r(k)bs(p− k)〉
=
1
(2pi)3
√
mumb
k0(p− k)0 (2pi)
4δ(4)(k˜ − k)v¯rβ(k)usα(p− k). (41)
Matching the matrix element in Eq.(40) and the wave function in Eq.(41) into the fac-
torization formula
F
(0)µ
bu¯ =
∫
d4k˜
(2pi)4
Φ
(0)bu¯
αβ (k˜)T
(0)
βα (k˜)
=
1
(2pi)3
√
mumb
k0(p− k)0 v¯
r
β(k)T
(0)
βα (k)u
s
α(p− k), (42)
we can obtain the hard-scattering kernel at tree level
T
(0)
βα (k) = (γ
µ
L)βα. (43)
This tree-level result is independent of the quark momentum k. It plays an important role
in the calculation of the hard amplitude at one-loop level.
Next we shall establish the factorization at one-loop level. The Feynman diagram for
the matrix element F (1)µ at one-loop level is shown as Fig. 6(a). The renormalization
factor
√
Z u¯2Z
b
2 must appear in the contribution of Fig. 6(a) due to the renormalization of
the external quark fields, where
√
Z u¯2 and
√
Zb2 are the renormalization constants of the
external quark fields u¯ and b, respectively. Since the factor
√
Zb2 and
√
Z u¯2 correspond to
the self-energy diagrams of the external quark b and u¯, the factor
√
Z u¯2Z
b
2 can be represented
by the contributions of Fig. 6(b) and (c) .
The contribution of Fig. 6 (a) is
F
(1)µ
V =
1
(2pi)3
√
mumb
k0(p− k)0
(−ig2s)CF v¯r(k)
·
∫
d4l
(2pi)4
γρ
1
mu −
(
/l − /k)γµL 1mb − (/p− /k + /l)γρ 1l2us(p− k), (44)
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where gs is the strong coupling constant, and all the momenta of quarks and gluon are
labelled in Fig. 6 (a). The explicit result after the loop integration is given in Appendix C.
The contributions of Fig. 6 (b) and (c) are
F
(1)µ
bR =
1
2
(
Zb2 − 1
)
F
(0)µ
bu¯ , F
(1)µ
u¯R =
1
2
(Z u¯2 − 1)F (0)µbu¯ . (45)
The renormalization constants (the explicit expressions are listed in Appendix C) are defined
in terms of the one-particle irreducible (1PI) diagrams Σ by
Zb,u¯2 = 1 + i
dΣ
d/p
∣∣∣∣
/p=m
. (46)
The corrections for the wave functions at one-loop order contain 6 Feynman diagrams
which have been divided into two groups. They are shown in Figs. 7 and 8. It will be
shown later that, when the contribution of the diagrams in Fig. 8 is convoluted with the
hard-transition kernel at tree level, the result will be zero.
The contribution of the diagram Fig. 7(a) to the wave function is
Φ
(1)V
αβ (k˜) = (2pi)
4δ(4)(l − k + k˜) 1
(2pi)3
√
mumb
k0(p− k)0 (−ig
2
s)CF
∫
d4l
(2pi)4
·[
v¯r(k)γρ
1
mu −
(
/l − /k)
]
β
[
1
mb −
(
/p− /k + /l
)γρ 1
l2
us(p− k)
]
α
(47)
and the contributions of the wave function renormalization of the heavy quark field [Fig.
7(b)] and the light quark field [Fig. 7(c)] are
Φ
(1)b
αβ =
1
2
(
Zb2 − 1
)
Φ
(0)bu¯
αβ , Φ
(1)u¯
αβ =
1
2
(Z u¯2 − 1)Φ(0)bu¯αβ . (48)
bs p− k
p−
k +
l
γµL
k −
l
ku¯
r
l
(a)
bs
p− k
p− k + l
p− k
γµL
u¯r
k
l
(b)
bs
p− k
γµL
kl − k
k lu¯
r
(c)
FIG. 6. Feynman diagrams at one-loop level for F .
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z
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l
(a)
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p− k
p− k + l
p− k 0
zu¯
r
k
l
(b)
bs
p− k 0
z
kl − kk
l
u¯r
(c)
FIG. 7. Feynman diagrams at one-loop level for WF (1).
bs
p− k 0
z
k
u¯r
l
(a)
bs
p− k p− k + l 0
zu¯
r
k
l
(b)
bs
p− k 0
z
l − kk
l
u¯r
(c)
FIG. 8. Feynman diagrams at one-loop level for WF (2).
Then it is straightforward to obtain the results after the convolution with the hard-scattering
kernel at tree level T
(0)
βα = (γ
µ
L)βα and we find that
F
(1)µ
V = Φ
(1)V
αβ ⊗ T (0)βα , (49a)
F
(1)µ
bR = Φ
(1)b
αβ ⊗ T (0)βα , (49b)
F
(1)µ
u¯R = Φ
(1)u¯
αβ ⊗ T (0)βα . (49c)
It is noted that there are two scales in the above equations, i.e., the factorization scale µF
in the wave functions Φ
(1)b,u¯
αβ and the renormalization scale µR in the matrix element F
(1)µ
b,u¯R.
Here we take µF = µR.
At last, we turn to the contributions of Feynman diagrams in Fig. 8. The contribution
of Fig. 8(a) contains a gluon propagator both the starting and ending points being on
the Wilson-line. In the light-cone approximation and working in the Feynman gauge, this
propagator vanishes [71] since z is a null vector on the light-cone (z2 = 0). As for our case,
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the result is still zero. First, we obtain
Φ
(1)0a
αβ (k˜) =
1
(2pi)3
√
mumb
k0(p− k)0 (ig
2
s)CF v¯
r(k)β
∫
d4l
(2pi)4
∫
d4z eik˜·z·
2
∫ 1
0
dx zµ
∫ x
0
dy zνe−ik·zeixl·zeiy(−l)·z
gµν
l2
us(p− k)α (50a)
=
−i2g2sCF
(2pi)3
√
mumb
k0(p− k)0 v¯
r(k)β
∫
d4l
(2pi)4
∫
d4z
∫ 1
0
dx
∫ x
0
dy
ei(xl−k−yl)·z
l2
[
∂2
∂k˜µ∂k˜µ
eik˜·z
]
us(p− k)α. (50b)
In Eq.(50a) we make the substitution xµ = xzµ and yν = yzν in the Wilson-line.
Next, we can substitute Eq.(50b) into the convolution formula, and perform the partial
integration. By noting that the hard-scattering kernel is a constant Dirac matrix, we can
demonstrate
Φ
(1)0a
αβ ⊗ T (0)βα =
∫
d4k˜
(2pi)4
i2g2sCF
(2pi)3
√
mumb
k0(p− k)0 v¯
r(k)β
∫
d4l
(2pi)4
∫
d4z
∫ 1
0
dx
∫ x
0
dy
ei(xl−k−yl)·z
l2
eik˜·z
[
∂2
∂k˜µ∂k˜µ
T
(0)
βα
]
us(p− k)α
= 0. (51)
For the other two diagrams in Fig. 8, the contribution of Fig. 8(b) is
Φ
(1)0b
αβ (k˜) =
i2g2sCF
(2pi)3
√
mumb
k0(p− k)0
∫
d4l
(2pi)4
∫
d4z
∫ 1
0
dx
ei(xl−k)·z
l2
v¯r(k)β
[
∂
∂k˜ρ
eik˜·z
][
1
mb − (/p− /k + /l)
γρu
s(p− k)
]
α
(52)
Then the convolution is
Φ
(1)0b
αβ ⊗ T (0)βα =
∫
d4k˜
(2pi)4
−i2g2sCF
(2pi)3
√
mumb
k0(p− k)0
∫
d4l
(2pi)4
∫
d4z
∫ 1
0
dx
ei(xl−k)·z
l2
v¯r(k)βe
ik˜·z
[
∂
∂k˜ρ
T
(0)
βα
][
1
mb − (/p− /k + /l)
γρu
s(p− k)
]
α
= 0. (53)
Similarly, we can obtain that the contribution of Fig. 8 (c) is also zero.
Finally, combining Eqs.(49a)–(49c), Eq.(51) and Eq.(53) together, we can demonstrate
that F
(1)µ
bu¯ = Φ
(1)bu¯
αβ ⊗ T (0)βα and thus considering Eq.(39), the total contribution to the hard-
scattering kernel at one-loop level T
(1)
βα is zero. Therefore the QCD one-loop corrections to
the hard amplitude of the leptonic decay of B meson are zero in the factorization scheme.
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A brief remark about this result should be given here. The vanishment of QCD one-loop
correction to the hard decay amplitude of the pure leptonic decay of B meson does not mean
that the naive calculation of the QCD one-loop correction diagrams in Fig. 6 will result in
zero. The results in Eqs.(44), (45) and that given in Appendix C show that the contributions
of these diagrams are not zero. They include both hard and infrared singularities. The
infrared singularities come from the limit that the mass of the light quark approaches zero
and/or the momentum of the gluon vanishes, i.e., mq → 0 and l → 0. It has been known
that a conserved current requires no renormalization because of gauge invariance [72]. Here
the axial current q¯γµγ5b inducing the leptonic decay of B meson is partially conserved.
Our calculation shows that the axial current as a composite operator still does not require
renormalization. Only the external quark field renormalization is needed. Although the
naive contributions of the diagrams in Fig. 6 are not zero, when QCD corrections to the
wave function are also considered up to one-loop order, the infrared singularities and the
hard contribution in the short-distance amplitude are simultaneously subtracted by that
in the wave function by using Eq.(39). This implies that the infrared contribution in the
short-distance amplitude can be absorbed into the wave function, and the hard terms are
also absorbed and they will contribute to the evolution of the wave function.
The factorization and the result that the hard amplitude receives no QCD correction are
proved up to one-loop order in this work. But we expect that this result may hold up to
all orders in QCD, because the gluons are always restricted between the heavy quark and
the light antiquark lines for both the cases of the QCD corrections to the wave function and
that to the hard amplitude of the pure leptonic decay process. Therefore the subtraction
may happen up to all orders in perturbative expansions. Then the formula that expresses
the decay rate of the leptonic decay in Eq.(16) holds in all orders in perturbation theory.
QCD corrections can only change the theoretical prediction to the decay constant.
V. DISCUSSION AND CONCLUSION
Using the wave function that is obtained in the relativistic potential model in our previous
work [22], where the hyperfine interactions are included, the decay constants and pure lep-
tonic decays of B meson are studied in this work. To keep the four-momentum conservation
between the quark-antiquark pair and the meson, we use the ACCMM scenario [58, 59] to
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treat the constituent quarks, where the heavy quark is taken to be off-shell, while the light
antiquark is kept on shell. Compared with our earlier work [20], the difference is that the
wave function used here is obtained by considering the hyperfine interactions in the wave
equation, and the heavy quark is treated off-shell in the decay process. The off-shellness
of the heavy quark can be explained as absorbing the effective effects of the gluon cloud
around the heavy quark. With such a treatment, the branching ratios of leptonic decays of
B meson obtained in this work are consistent with experimental data.
Based on the success of studying the leptonic decays of the B meson, we further obtain
the distribution amplitudes for B meson both in coordinate and momentum space. The
distribution amplitudes of B meson are widely used in the study of B-meson decays. In
addition, we obtain another form of the nonlocal matrix element in Eq.(36). Considering
the success of the ACCMM scenario in studying the leptonic decays, the heavy quark in
the distribution amplitude needs to be treated to be off-shell to maintain the momentum
and energy conservation. The new form of the nonlocal matrix element obtained in this
work, Eqs. (33a) or (33b) and Eq.(36) should be useful in the study of the semileptonic and
nonleptonic B decays, where the longitudinal and transverse components are automatically
included.
We finally study the QCD one-loop corrections within the frame work of the factoriza-
tion approach. We find that, after subtracting the infrared divergence, the QCD one-loop
corrections to the hard transition amplitude will be zero. This implies that the infrared
contributions in the hard amplitude can be absorbed into the wave function and the hard
terms originated from one-loop diagrams are also absorbed by the wave function and they
will contribute to the evolution of the wave function. The formula expressing the leptonic
decay rate of B meson in Eq. (16) is not affected by QCD corrections.
Appendix A: DERIVATION OF THE DISTRIBUTION AMPLITUDES φ˜T (z),
φ˜A1(z), AND φ˜A2(z)
In this appendix, we give a brief derivation of the three distribution amplitudes presented
in Eqs.(26a)-(26c). The direct result about φ˜T (z) in Eq.(21c) is
φ˜T (z)z
i = iNB
∫
d3k Ψ0(
#„
k )
Eq +mq + EQ +mQ√
EqEQ(Eq +mq)(EQ +mQ)
kie−ikq ·z (A1)
22
where ki stands for any components of momentum
#„
k and NB =
i
fB
√
3
(2pi)3mB
. Note that
zie
−ikq ·z = i ∂
∂ki
e−ikq ·z and make use of AT (k1, k2, k3) defined in Eq.(25a),
AT (k
1, k2, k3)k1 =
∂
∂k1
∫ k1
0
AT (η, k
2, k3)η dη (A2a)
⇒ φ˜T (z)z1 = NB
∫
d3k
∫ k1
0
AT (η, k
2, k3)η dη (−z1)e−ikq ·z (A2b)
⇒ φ˜T (z) = NB
∫
d3k
[
1
3
∑
i
∫ ki
0
AT (η, . . . )η dη
]
e−ikq ·z (A2c)
where Eq.(A2b) is derived from Eq.(A2a) by partial integration. The summation in the
square parentheses is short for the following form∑
i
∫ ki
0
AT (η, . . . )η dη =
∫ k1
0
AT (η, k
2, k3)η dη +
∫ k2
0
AT (k
1, η, k3)η dη
+
∫ k3
0
AT (k
1, k2, η)η dη . (A3)
The situation is similar for the derivation of φ˜A2(z).
For the DA φ˜A1(z), after substituting Eq.(26b) and Eq.(25b) into the equation Eq.(21e),
we obtain
φ˜A1(z) = −NB
∫
d3k e−ikq ·z[
Ψ0(
#„
k )
(Eq +mq)(EQ +mQ)− | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
+
iz0
3
∑
i
∫ ki
0
A(η, . . . )η dη
]
(A4)
Using the same trick iz0e−ikq ·z = − ∂
∂Eq
e−ikq ·z and partial integration and noting that in our
scenario E2q − |
#„
k |2 = m2q, we get the final expression
φ˜A1(z) = −NB
∫
d3k e−ikq ·z[
Ψ0(
#„
k )
(Eq +mq)(EQ +mQ)− | #„k |2√
EqEQ(Eq +mq)(EQ +mQ)
+ EqA(k
1, k2, k3)
]
(A5)
Appendix B: DERIVATION OF THE AMPLITUDE F IN THE MOMENTUM
SPACE
In this appendix, we show explicitly how to derive Eq.(30) from Eq.(28). First, we
perform the Fourier transformation on the hard scattering kernel T˜βα(z) and obtain
F =
∫
d4z Φ˜αβ(z)
∫
d4l
(2pi)4
eil·zTβα(l) =
∫
d4l
(2pi)4
[∫
d4z eil·zΦ˜αβ(z)
]
Tβα(l) (B1)
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Performing Fourier transformation to the matrix element Φ˜αβ(z) in Eq.(27), and using
zµeil·z = −i ∂
∂lµ
eil·z , we can obtain
∫
d4z eil·zΦ˜αβ(z) =
−ifB
4
∫
d4z
{[
mBφ˜P+
−i
2
φ˜T
(
P µ
∂
∂lν
− P ν ∂
∂lµ
)
σµν
+
(
φ˜A1P
µ +mBφ˜A2
∂
∂lµ
)
γµ
]
eil·z · γ5
}
αβ
(B2)
Substituting Eq.(B2) into Eq.(B1), and making use of partial integration, the derivative
∂
∂lµ
can be moved to act on the hard scattering kernel Tβα(l). In addition, we observe that in
the four distribution amplitudes in Eq.(23) and Eqs.(26a)–(26c), only the exponential part
e−ikq ·z depends on the variable z. Therefore the integration over z can be easily worked out
and the result is a delta function (2pi)4δ(4)(l − kq).
F =
∫
d4l
(2pi)4
(2pi)4δ(4)(l − kq)
[
. . .
]
Tβα(l) (B3)
After taking P µ = mBv
µ and k2q = m
2
q [Eq.(11b)] into consideration, we obtain the final
expression in Eq.(30).
Appendix C: EXPLICIT EXPRESSIONS OF EQ.(44) AND Zb,u¯2
We use the dimensional regularization for the ultraviolet divergence and introduce a small
mass λ for gluons to regularize the infrared divergence in Eq.(44). The naive dimensional
regularization is adopted, where γ5 anticommutes with all other gamma matrices.
The conventions and notations we use are
αs =
g2s
4pi
CF =
N2 − 1
2N
σµν =
i
2
[γµ, γν ],
PL =
1− γ5
2
PR =
1 + γ5
2
γµL = γ
µPL γ
µ
R = γ
µPR.
With the help of the program Package-X [73, 74], the explicit result of Eq.(44) is
F
(1)µ
V =
1
(2pi)3
√
mumb
k0(p− k)0
αsCF
4pi
v¯r(k) · INT · us(p− k) (C1)
24
where
INT = γµL ·
[
1
ε
− γE + ln 4piµ
2
mumb
+ x ln
x+ 1
x− 1 ln
λ2
mumb
+ F (x, x1, x2)
]
+γµR ·
√
x2 − 1
2
ln
x+ 1
x− 1
+
i
2
σµνPL
pν
mu
x− x2
x1 − x2
[
ln
x+ x1
x− x2 − x1 ln
x+ 1
x− 1
]
+
i
2
σµνPR
pν
mb
x+ x1
x1 − x2
[
x2 ln
x+ 1
x− 1 − ln
x+ x1
x− x2
]
+PL
pµ
mu
x− x2
x1 − x2
[
−2 +
(
3
2
+
x1 + x2
x1 − x2
)
ln
x+ x1
x− x2
+
(
2
x1 − x2 + x+
3
2
x1
)
ln
x+ 1
x− 1
]
+PR
pµ
mb
x+ x1
x1 − x2
[
2 +
(
3
2
− x1 + x2
x1 − x2
)
ln
x+ x1
x− x2
+
(
2
x1 − x2 + x−
3
2
x2
)
ln
x+ 1
x− 1
]
(C2)
and the finite part F (x, x1, x2) is
F (x, x1, x2) =
x
2
[(
3− 2 ln
√
(x21 − 1)(x22 − 1)
x2 − 1
)
ln
x+ 1
x− 1 −
(
ln
x1 + 1
x+ x1
)2
−
(
ln
x2 + 1
x1 − x2
)2
+
(
ln
x1 + 1
x1 − x2
)2
+
(
ln
x2 + 1
x1 − x2
)2
−2 ln x1 + 1
x+ x1
ln
x1 + 1
x1 − x2 + 2 ln
x2 + 1
x1 − x2 ln
x2 + 1
x− x2
+4 ln
x1 − 1
x2 − 1 ln
2
x1 − x2 + 4
(
Li2
1− x1
2
− Li2 1− x2
2
)]
(C3)
In Eqs.(C2) and (C3), γE is the Euler-Mascheroni constant, Li2(z) is the polylogarithm
function of order 2, and the definitions of x, x1, x2 are
x =
m2b +m
2
u − p2√
κ(m2b ,m
2
u, p
2)
x1 =
m2b −m2u + p2√
κ(m2b ,m
2
u, p
2)
x2 =
m2b −m2u − p2√
κ(m2b ,m
2
u, p
2)
where κ(m2b ,m
2
u, p
2) is the Ka¨lle´n function or triangle function
κ(m2b ,m
2
u, p
2) =
(
m2b
)2
+
(
m2u
)2
+
(
p2
)2 − 2m2bp2 − 2m2up2 − 2m2bm2u.
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The renormalization constant Zb,u¯2 in Eq.(46) has been computed in the virtial gluon-mass
regularization scheme and with the on-shell renormalization condition. The result is
Zb,u¯2 = 1 +
αsCF
4pi
(
−1
ε
+ γE − ln 4piµ
2
m2b,u¯
− 4− 2 ln λ
2
m2b,u¯
)
(C4)
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